Abstract. The automorphic cohomology of a reductive Q-group G, defined in terms of the automorphic spectrum of G, captures essential analytic aspects of the arithmetic subgroups of G and their cohomology. The subspace spanned by all possible residues and principal values of derivatives of Eisenstein series, attached to cuspidal automorphic forms π on the Levi factor of proper parabolic Q-subgroups of G, forms the Eisenstein cohomology which is a natural complement to the cuspidal cohomology. We show that non-trivial Eisenstein cohomology classes can only arise if the point of evaluation features a 'half-integral' property. Consequently, only the analytic behavior of the automorphic L-functions at half-integral arguments matters whether an Eisenstein series attached to a globally generic π gives rise to a residual class or not.
Introduction 0.1. The automorphic cohomology of a reductive Q-group G, defined in terms of the automorphic spectrum of G, captures essential analytic aspects of the arithmetic subgroups of G and their cohomology. With that framework in place, the cohomology decomposes into a direct sum according to the decomposition of the space of automorphic forms on G along their cuspidal support (see [13] , [16] , [7] ). The subspace spanned by all possible residues and principal values of derivatives of Eisenstein series, attached to cuspidal automorphic forms on the Levi factor of proper parabolic Q-subgroups of G, forms the Eisenstein cohomology which is a natural complement to the cuspidal cohomology. It is the main objective of this paper to carry on the study of the internal structure of the Eisenstein cohomology and its relation with the automorphic L-functions which naturally appear in the actual construction of cohomology classes using the theory of Eisenstein series.
0.2.
More precisely, let A be the ring of adèles of Q, and A f the finite adèles. Let M G be the connected component of the intersection of the kernels of all Q-rational characters of G, and m G its Lie algebra. Let A G be a maximal Q-split torus in the center of G. Let K be a fixed maximal compact subgroup; we may suppose that K is in good position with respect to a fixed minimal parabolic Q-subgroup of G. Let K R be the component of K at the archimedean place v = ∞ of Q.
Given a finite-dimensional irreducible representation E of G(C), let J E be the annihilator of the dual representation of E in the center of the universal enveloping algebra of m G . Let A E denote the space of automorphic forms on A G (R)
• G(Q)\G(A) annihilated by a power of J E (cf. [16] , [6] ). It carries the structure of a (m G , K R , G(A f ))-module. The automorphic cohomology of G, with coefficients in E, is defined as the Lie algebra cohomology
Let C be the set of associate classes of parabolic Q-subgroups of G. Given a class {P } ∈ C, let Φ E,{P } be the set of associate classes ϕ = {ϕ Q } Q∈{P } of cuspidal automorphic representations of the Levi factors of Q ∈ {P } as in [7, Sect. 1.2] . Let A E,{P },ϕ be the subspace of A E consisting of automorphic forms whose constant term along a parabolic Q-subgroup Q of G is orthogonal to the space of cuspidal automorphic forms on the Levi factor L Q (A) of Q if Q ̸ ∈ {P }, while it belongs to the ϕ Q -isotypic part of that space if Q ∈ {P }. Then
For a class {P } ̸ = {G}, represented by a proper parabolic Q-subgroup P with Levi decomposition P = L P N P , the cohomology classes in a summand
are constructed from the residues or principal values of the derivatives of Eisenstein series attached to a cuspidal automorphic representation π of L P (A) belonging to the associate class ϕ ∈ Φ E,{P } . Thus the family of these summands is called the Eisenstein cohomology. Depending on the coefficient system E, there are certain necessary conditions for non-vanishing of such cohomology classes. These conditions are given in terms of the set W P of minimal representatives of right cosets of the absolute Weyl group of the Levi factor L P in the absolute Weyl group of G, and determine the infinitesimal character of the archimedean component π ∞ of π. If those necessary conditions are satisfied for certain w ∈ W P , then the only possibly non-trivial cohomology classes are those obtained from the residues or principal values of the derivatives of the Eisenstein series attached to π, evaluated at a uniquely determined complex parameter s w ∈ǎ P,C = X * (P ) ⊗ C, where X * (P ) denotes the group of Q-rational characters of P .
In this paper, we consider those necessary non-vanishing conditions in the case of classical groups. Since they are given in terms of the absolute root system, we may and will assume that G is Q-split. The main technical tool, which we develop here, is a combinatorial description of the set W P in terms of explicit formulas for the action of an element in W P onǎ P0,C the complexification of the dual of the Lie algebra of the maximal split torus in the center of the Levi factor of a fixed minimal parabolic Q-subgroup (see Theorems 3.2, 3.3, 3.4) . Such formulas enable us to write out the non-vanishing conditions in an explicit form, and as a consequence, deduce the divisibility properties for the coefficients of the point of evaluation of the Eisenstein series at which it can possibly give rise to a non-trivial cohomology class.
The main result.
Let G n be one of the following Q-split classical groups of Q-rank n: the general linear group GL n (with n > 1), the odd special orthogonal group SO 2n+1 , the symplectic group Sp n , the even special orthogonal group SO 2n (with n > 1). Let P 0 be a fixed minimal parabolic Q-subgroup of G n with Levi decomposition P 0 = L 0 N 0 . Letǎ P0 = X * (P 0 ) ⊗ R, where X * (P 0 ) denotes the group of Q-rational characters of P 0 . Let {e 1 , . . . , e n } be the basis ofǎ P0 defined by the natural projections with respect to L 0 .
th k simple root in the standard ordering of the set ∆ of simple roots of G n determined by P 0 . Let P be the standard parabolic Q-subgroup of G n corresponding to
Let P = L P N P be its Levi decomposition. For simplicity, we exclude at the moment the case G n = SO 2n with R d = n − 1 (which is also treated in the paper). Letǎ P = X * (P ) ⊗ R, where X * (P ) denotes the group of Q-rational characters of P . Let π be a cuspidal automorphic representation of L P (A) in an associate class ϕ ∈ Φ E,{P } . The main result, announced in [8] , is the following (cf. Section 4) Theorem. Let s w ∈ǎ P be the evaluation point written in the basis {e 1 , . . . , e n } forǎ P0 as 
in the decomposition of the Eisenstein cohomology, only if s w has the property that
in all other cases.
0.4.
The significance of this result is best understood in view of the Langlands-Shahidi method for normalization of standard intertwining operators (see [11] and [21] ). Roughly speaking, the point is that the constant term of the Eisenstein series is the sum of those intertwining operators. Hence, the poles of the Eisenstein series are related with their poles, which in turn are given by the Langland-Shahidi normalizing factors (for globally generic cuspidal automorphic representation of the Levi factor). Then, our Theorem implies that, for obtaining possibly non-trivial cohomology classes, the arguments of the L-functions in the normalizing factors are all necessarily half-integers, and, in particular, the argument of the symmetric and exterior square L-functions is always an integer. This result considerably simplifies the necessary study of the poles, since the argument is outside the critical strip 0 < s < 1, where the possible poles of the symmetric and exterior L-functions are unknown.
0.5.
In his work Arthur uses the trace formula to give, as a part of his conjectures, a description of the discrete part in the space of all square-integrable automorphic forms on a split connected classical group (cf. [1, Sect. 30]). It follows from his conjectural description that the square-integrable residues of an Eisenstein series (attached to a cuspidal automorphic representation of the Levi factor of a proper parabolic subgroup) can be obtained only for the poles at the values of the complex parameter which are of the form given in our Theorem. Therefore, if one restricts only to square-integrable automorphic forms, our Theorem is in accordance with Arthur's conjectures, and provides evidence in favor of their validity in the case of cohomological representations. In the context of Arthur's conjectures, Moeglin has studied the problem of distinguishing the residual part of the square-integrable discrete spectrum. In order to approach that problem, she defines a normalization of intertwining operators via automorphic L-functions subject to the validity of Arthur's conjectures [15, Section 2] . This normalization allows her to consider also non-generic cuspidal automorphic representations. Although it is not the same as the Langlands-Shahidi normalization, the arguments of the L-functions involved are of the same form.
0.6.
In the previous work [9] a quite precise description of possible residual Eisenstein cohomology classes attached to cuspidal automorphic representations of the Levi factor of a maximal proper parabolic Qsubgroup in the Q-split symplectic group Sp n of Q-rank n is given. That paper already reveals that in the case of a maximal proper parabolic subgroup, regardless to the analytic properties of the Eisenstein series, the necessary non-vanishing conditions themselves imply that the evaluation point s ∈ R is necessarily a halfinteger (where s corresponds to a character det s of the Levi factor). Our main Theorem is a generalization of this result to any proper parabolic Q-subgroup of any classical group. In turn, the results in [9] may be viewed as an application of the general approach taken here. 0.7. The paper is organized as follows. First, in Section 1, we discuss very briefly the construction of Eisenstein cohomology classes and recall the non-vanishing conditions. Section 2 introduces the classical groups we consider and reviews the structure of their parabolic subgroups. Then, in Section 3, an explicit combinatorial description of the action of minimal coset representatives in W P onǎ P0 is given. Finally, in Section 4, the half-integrality of the evaluation point is proved.
Necessary Conditions for Non-vanishing of Eisenstein Cohomology
Let G be a connected reductive algebraic group defined over the field Q of rational numbers. We fix once for all a minimal parabolic subgroup P 0 defined over Q, and its Levi factor L 0 . Let P 0 = L 0 N 0 be its Levi decomposition. By a standard parabolic Q-subgroup P of G we mean a parabolic Q-subgroup containing P 0 . Let P = L P N P be its Levi decomposition, where L P is the Levi factor, and N P the unipotent radical.
Let V denote the set of all places of Q, and V f the set of non-archimedean places. Let v = ∞ denote the archimedean place of Q. Then, Q v denotes the completion of Q at a place v of Q, and for v = ∞ we have R = Q ∞ . Let A be the ring of adèles of Q, and A f the finite adèles.
We fix once for all a choice of a maximal compact subgroup
Since at almost all places v ∈ V f the group G(Q v ) is quasi-split, at those places one takes for K v a special maximal compact subgroup. We assume as we may that K is in 'good position' with respect to P 0 (see e.g. [16, Section I.
Let M G be the connected component of the intersection of the kernels of all Q-rational characters of G, and A G a maximal Q-split torus in the center of
Let E be a finite-dimensional irreducible representation of G(C). The cohomology of an arithmetically defined congruence subgroup Γ of G(Q) with coefficients in E can be interpreted in terms of automorphic spectrum of Γ. Let A denote the space of automorphic forms on G(Q)\G(A) (see [16] , [7] ). Let J E be the annihilator of the dual representation of E in the center Z(m G ) of the universal enveloping algebra U (m G ). Let A E be the subspace of A consisting of automorphic forms annihilated by a power of J E . Then, the automorphic cohomology is defined as the relative Lie algebra cohomology
The space A E of automorphic forms decomposes into a direct sum with respect to their cuspidal support ( [13] , see also [12] , [16] ), and the decomposition induces a direct sum decomposition of the automorphic cohomology ([7, Theorem 1.4, resp. 2.3]). Let C denote the set of associate classes of parabolic Q-subgroups of G. We denote by {P } a class represented by a parabolic Q-subgroup P . For a class {P } ∈ C, let Φ E,{P } denote the set of classes ϕ = {ϕ Q } Q∈{P } of associate irreducible cuspidal automorphic representations of the Levi factors of elements of {P } as defined in [7, Section 1.2] . Then the decomposition in cohomology takes the following form
where A E,{P },ϕ consists of all functions in A E whose constant term along each Q ∈ {P } belongs to the π-isotypic component of the space of cuspidal automorphic forms on the Levi factor L Q (A), where π is a cuspidal automorphic representation of L Q (A) belonging to an associate class ϕ ∈ Φ E,{P } . In the decomposition, the summand indexed by the associate class {G} of the full group G is called the cuspidal cohomology of G with coefficients in E. The complement of the cuspidal cohomology in H * (G, E) is the Eisenstein cohomology with coefficients in E H *
By [6] it can be described by suitable derivatives of Eisenstein series or residues of these. We recall from [14, Section 3.2] (see also [18, Remark 4.12] ) the necessary conditions for the non-vanishing of the cohomology classes in
Since the non-vanishing conditions are given in terms of the absolute root system, we assume from this point on that the group G under consideration is Q-split. This assumption simplifies the notation. However, it is not restrictive since the non-vanishing conditions for other forms of G remain the same. Let Ψ denote the set of (absolute) roots of G (which is Q-split) with respect to L 0 . We fix a choice of positive roots Ψ + and simple roots ∆ in accordance to the fixed choice of a minimal parabolic Q-subgroup P 0 = L 0 N 0 . Let ρ P0 be the half-sum of the positive roots. Let W denote the (absolute) Weyl group of Ψ, and for a standard parabolic Q-subgroup P let W LP denote the (absolute) Weyl group of its Levi factor L P .
Standard parabolic Q-subgroups of G are in bijection with subsets of the set of simple roots ∆. More precisely, if Θ ⊂ ∆, then the corresponding parabolic Q-subgroup P Θ is a semidirect product of its unipotent radical N Θ and the Levi factor L Θ , where L Θ is the centralizer of S Θ = (∩ α∈Θ P ker α)
• . For a standard parabolic Q-subgroup P we denote by Θ P the corresponding subset of ∆.
For a standard parabolic Q-subgroup P with the Levi decomposition P = L P N P , let A P denote the maximal split torus in the center of the Levi factor L P . We write A 0 for A P0 in the case of P 0 . There is a unique Langlands decomposition P = M P A P N P with M P ⊃ M 0 and A P ⊂ A 0 . Let m P , a P , n P be the Lie algebras of the groups of real points of the factors in the Levi decomposition. Then l P = m P + a P . We puť a P = X * (P ) ⊗ R, where X * (P ) denotes the group of Q-rational characters of P . Then a P = X * (A P ) ⊗ R, where X * (A P ) denotes the group of Q-rational cocharacters of A P , is in a natural way in duality withǎ P ; the pairing is denoted by ⟨ , ⟩. The inclusion A P ⊂ A 0 defines a P → a P0 , and the restriction of characters of P to P 0 definesǎ P →ǎ 0 which is inverse to the dual of the previous map. Thus, one has direct sum decompositions a P0 = a P ⊕ a P P0 andǎ P0 =ǎ P ⊕ǎ P P0 respectively. As proved in [14, Section 3] , from the representation theoretic point of view, the study of non-vanishing of the summand
in the decomposition of H * Eis (G, E) reduces to the study of
where 
where the sum ranges over the set W Q of minimal coset representatives for W LQ \W of length ℓ(w) = q, and
We collect the necessary conditions for non-vanishing of the Eisenstein cohomology in the following Proposition.
is trivial except possibly if there exists a representative w ∈ W P such that
.
If the two necessary conditions are satisfied for certain w ∈ W P , then the only possibly non-trivial cohomology classes are those obtained from the residues or the principal values of the derivatives of the Eisenstein series attached to π at the value
Proof. The first condition mirrors the fact the relative Lie algebra cohomology of the summand
Ind As an immediate consequence of the non-vanishing conditions we obtain in the following proposition the fact that only cuspidal automorphic representations of the Levi factor L P (A) whose infinite component has a regular infinitesimal character can contribute to the Eisenstein cohomology. Recall that regular for L P means that ⟨χ π∞ , β ∨ ⟩ ̸ = 0 for all simple roots β ∈ Θ P , where Θ P is the subset of ∆ corresponding to P .
Proposition 1.2. Let the notation be as in Proposition 1.1. Then, the Eisenstein cohomology space
is possibly non-trivial only if the infinitesimal character χ π∞ of the archimedean component of π is regular.
Proof. The second necessary condition in Proposition 1.1 gives a formula for χ π∞ . Since the highest weight Λ is dominant and ρ P0 dominant and regular for G, their sum is dominant and regular, i.e. ⟨Λ + ρ P0 , α ∨ ⟩ > 0 for all α ∈ ∆. Since the action of the Weyl group preserves regularity, we have
for all α ∈ ∆. Now, by the very fact that its restriction toǎ P belongs toǎ P , it certainly satisfies
for all β ∈ Θ P . Hence,
for all β ∈ Θ P .
Classical Groups
Let G n be one of the following Q-split classical Q-groups of Q-rank n:
• the general linear group GL n with n > 1,
• the odd special orthogonal group SO 2n+1 , • the symplectic group Sp n , • the even special orthogonal group SO 2n with n > 1.
In order to make the notation below uniform, we let m = n − 1 in the case of the general linear group G n = GL n , and m = n in the remaining cases. 
Then, the half-sum of positive roots equals
Let P = L P N P be the Levi decomposition of a standard parabolic Q-subgroup of G n , where L P is the Levi factor, and N P the unipotent radical. As recalled in Section 1, standard parabolic Q-subgroups are in bijection with the subsets of the set of simple roots ∆.
For
Then the Levi factor L P of a standard parabolic subgroup P of GL n , corresponding to the subset
Thus, in this case the standard parabolic Q-subgroups are in bijection with ordered partitions (r 1 , . . . , r d ) of n into positive integers. For G n = SO 2n+1 and G n = Sp n , let r 1 , . . . , r d be positive integers such that
where G r ′ is the group of Q-rank r ′ in the same family of classical groups as G n if r ′ > 0, while if r ′ = 0 the factor G r ′ does not appear (by convention, G 0 is the trivial group). Hence, the standard parabolic Qsubgroups are in bijection with ordered partitions (r 1 , . . . , r d , r ′ ) of n into integers such that r k are positive integers for k = 1, . . . , d, and r ′ is a non-negative integer. For G n = SO 2n , let r 1 , . . . , r d be positive integers such that
The Levi factor L P of a standard parabolic subgroup P of SO 2n , corresponding to the subset Θ P = ∆ \ {α R1 , α R2 , . . . , α R d } of the set of simple roots ∆, is isomorphic to
Also in this case, the standard parabolic Q-subgroups are in bijection with ordered partitions (r 1 , . . . , r d , r ′ ) of n into integers such that r k are positive integers for k = 1, . . . , d, and r ′ is a non-negative integer. Let Λ = λ 1 e 1 + . . . + λ n e n be the highest weight of a finite-dimensional irreducible algebraic representation E of G n (C). Then, Λ is dominant and integral, which means that for G n = GL n we have
and for G n = SO 2n
Minimal Coset Representatives for W LP \W
We retain the notation of the previous section. Let G n be one of the classical groups considered there. Let P = L P N P be a standard parabolic Q-subgroup of G n corresponding to a subset Θ P of ∆. We consider in this Section the set 
and
where ℓ(·) denotes the length of a Weyl group element.
For making the non-vanishing conditions for Eisenstein cohomology given in Proposition 1.1 more explicit in the case of classical groups, we need an explicit description of the action of representatives in W P oň a P0 . This section provides such a description. We consider separately the case of the general linear group GL n , the even special orthogonal group SO 2n , and the remaining two cases. The description in the case of a maximal proper parabolic Q-subgroup of a symplectic group was already used in [9] to study the corresponding Eisenstein cohomology space. 
Then, the bijection is defined by the assignment
given by the action of w I onǎ P0,C as
Proof. Clearly, the assignment I → w I defines an injective map S → W . Hence, it suffices to check that w I ∈ W P , and show that the cardinalities of S and W P are the same. By Lemma 3.1, the minimal coset representatives w ∈ W P are characterized by the condition w −1 (β) is a positive root for all β ∈ Θ P . This is satisfied for w I , since
and the roots on the right hand side are all positive due to the ordering of
The cardinality of W P equals the cardinality of W , which is n!, divided by the cardinality of W LP , which is 
which is the same as the cardinality of W P . 
and |I k | and |J k | denote the cardinality of I k and J k , respectively. Let
Then, the bijection is defined by the assignment
+ . . .
where s l ∈ C.
Proof. As in the proof of the previous Theorem it suffices to check that w I ∈ W P , and that the cardinalities of S and W P are the same. Since
for l = n, and G n = SO 2n+1 or G n = Sp n , are all positive roots, it follows that w I ∈ W P by Lemma 3.1. Note that in the formula, if the last possible l is less than the first one, or l = R k for some k = 1, . . . , d, then that case does not occur.
The cardinality of W P is n! · 2 n , which is the cardinality of W , divided by
Thus, the cardinality of W P can be written as
On the other hand, the cardinality of S is obtained as follows. The set
) ways, and since the set I 1 inside is any subset, it can be chosen in 2 r1 ways. Then, the remaining elements form J 1 . In the second step, I 2 ∪ J 2 can be chosen in
) ways, and then I 2 inside in 2 r2 ways. Continuing this
ways, and then I d in 2 r d ways. Hence, the cardinality of S equals
+ . . . 
and |I k | and |J k | denote the cardinality of I k and J k , respectively. Then, the bijection is defined by the assignment
where s l ∈ C, and f l = e l for l = 1, . . . , n − 1, and f n = (−1)
Proof. Again, a direct computation of w
is the same as in the symplectic and odd orthogonal case, except for l = n − 1 and l = n. For those two cases I (α l ), for l ̸ = n, is of the same form as in the proof of the previous theorem. For l = n, the root α n is not in Θ P . If r ′ = 1, then the same holds in the basis f l , l = 1, . . . , n, where now f n = −e n . However, in that basis α n−1 = f n−1 + f n and α n = f n−1 − f n , and hence the condition holds for α n , and α n−1 is not in Θ P . Furthermore, there are roots α l such that w
But n is always the last element of either an I k or a J k , and inserting −e n instead of f n does not affect the positivity.
In the case G n = SO 2n , the cardinality of W is n! · 2 n−1 , while the cardinality of
and thus the cardinality of
If r ′ ≥ 2, as in the proof of the previous theorem, this is the same as the cardinality of S. In the case r ′ = 0 or r ′ = 1 the condition on the parity of ∪ d k=1 |J k | gives the extra division by 2 in the factor 2 n−1 , and again the cardinality is the same as the cardinality of S ′ .
Remark 3.5. Note that the case of an even special orthogonal group SO 2n is treated separately, because of the parity condition on the number of sign changes for the elements of the Weyl group. This condition of an even number of sign changes has no effect on the cardinality of W P , and the sets of its parametrization, in the case r ′ ≥ 2, since the extra sign change can be obtained by changing the sign of e n . However, this is not possible for r ′ = 0 and r ′ = 1 because then there are no indices left outside of
Evaluation Points
The purpose of this Section is to give, in the case of classical groups, a restriction on the form of the evaluation point s w at which the Eisenstein series can possibly give rise to a non-trivial class in cohomology by taking a residue or the principal value of a derivative of an Eisenstein series. This is achieved by combining the first condition in Proposition 1.1 with the formula for s w . The main result is the following theorem. 
Let s w = −w(Λ + ρ P0 ) ǎ P ∈ǎ P be the evaluation point written in the basis {e 1 , . . . , e n } forǎ P0 defined by the natural projection with respect to L 0 as
except for G n = SO 2n and r ′ = 1 when 
only if s w has the property that
Moreover, if G = GL n and the coefficients of the highest weight
Λ satisfy λ k ∈ 1 2 Z for k = 1, . . . , n, then t l ∈ 1 2 Z for l = 1, . . .
, d in this case as well.
We postpone the proof of the Theorem to the end of this Section. We first discuss its content and some consequences.
Non-split versus split groups.
The given statement of the main theorem holds in general for nonsplit forms of G n , since their necessary conditions for non-vanishing and evaluation points are given in terms of the absolute root system. In such a general situation the interpretation of the 'half-integral' property of the evaluation point depends on the particular group. However, for split groups G n , one can easily interpret that property. Recall that
where G r ′ is the group of Q-rank r ′ in the same family of classical groups as G n , and, by convention, G 0 is the trivial group, except in the case G n = SO 2n and r ′ = 1 when
Then the evaluation point s w ∈ǎ P , given in the form as in the theorem, corresponds to the character of L P given by
where | det | t l is a character of GL r l , for l = 1, . . . , d. Hence, Theorem 4.1 says that these exponents are half-integers, except in the case G n = GL n and the coefficients of the highest weight Λ are not half-integers, in which their differences are half-integers. Table 1 . L-functions in Langlands-Shahidi normalizing factors 4.3. Evaluation at half-integral arguments. Next we introduce some notation required for explaining the meaning of the theorem in view of the Langlands-Shahidi method for normalization, using certain Lfunctions, of the standard intertwining operators, which appear in the constant term of the Eisenstein series (see [11] and [21] ).
Recall that Θ P is the subset of simple roots defining a standard parabolic subgroup P . Let Ψ P denote the roots of G n in L P , and Ψ + P the positive roots among them. Let Φ P denote the root system of G n with respect to the maximal split torus A P in the center of L P . Then, Φ P may be viewed as Ψ \ Ψ P up to the restriction to A P . This root system is not always reduced, and we let Φ P,red be the reduced root system obtained by removing the longer roots, and Φ + P,red the subset of positive roots among the reduced roots. The significance of the set of positive reduced roots Φ + P,red is due to the fact that they appear in the Langlands-Shahidi method. More precisely, let π be a globally generic (with respect to a fixed non-trivial additive character of Q\A) cuspidal automorphic representation of the Levi factor L P (A). The standard intertwining operators in the constant term along P of the Eisenstein series attached to π are normalized, via the Langlands-Shahidi method, by a ratio of certain automorphic L-functions attached to π (cf. [11] , [21] ). If the complex parameter of the Eisenstein series is denoted by s ∈ǎ P , then the arguments of the L-functions are complex numbers
where k ∈ {1, . . . , m β }, and for classical groups either m β = 1 or m β = 2 depending on β.
For the convenience of the reader, in Table 1 we recall from [20, Sect. 4] and [5, Part 2, Chapter 6] the list of automorphic L-functions appearing in Langlands-Shahidi normalizing factors in the case of maximal parabolic Q-subgroups of Q-split classical groups. The general case of an arbitrary parabolic subgroup reduces to the case of maximal proper parabolic subgroup by the decomposition of intertwining operators according to a reduced decomposition of the Weyl group elements (cf. [12, p. 14] , [19] ). Note that in Table  1 
where ε(z) is the corresponding ε-factor. Proof. Following [20, Sect. 4 ], a list of all possible cases of maximal proper parabolic subgroup situations in the decomposition of the intertwining operators for split classical groups is easily formed. It shows that in the case G n = GL n , the pairing ⟨s w , β ∨ ⟩ is of the form t k − t l for all β ∈ Φ + P,red . This is a half-integer by Theorem 4.1. In the other cases, the pairing gives either t k ± t l , t k , or 2t k , which are all half-integers by Theorem 4.1. Finally, the statement on the symmetric and exterior L-functions follows from the fact that the argument to be taken in the normalizing factors is always 2t k (see Table 1 or [22] ).
Remark 4.5. The corollary reveals that when computing the Eisenstein cohomology coming from the residues of Eisenstein series attached to a globally generic (with respect to a non-trivial additive character of Q\A) cuspidal automorphic representation of the Levi factor, one does not need to understand the poles of the symmetric and exterior square L-functions inside the critical strip 0 < Re(s) < 1. Our results show that, due to the necessary conditions for non-vanishing, possible poles of those L-functions inside 0 < Re(s) < 1, do not play any role in understanding the summands
. For residues of Eisenstein series which appear in the residual spectrum, that is, in particular, they are square integrable, these cohomological results are in accordance with Arthur's conjectures (as stated in [1] ). Indeed, these would imply that those L-functions in fact have no pole inside 0 < Re(s) < 1. Proof. The action of w long,GLr is given by
Thus, the condition is equivalent to −s r+1−l = s l for l = 1, . . . , n as claimed. Proof. Except in the case G r = SO 2r with r odd, the action of w long,Gr is just changing the sign of all the coefficients. Hence, the condition is always satisfied. In the remaining case, since r is odd and the elements of the Weyl group of SO 2r may change only an even number of signs, the action of w long,SO2r is given by
Thus, the condition is equivalent to s n = 0. Remark 4.9. Regarding the action of −w long,G for a simple Q-split group G see [17, Sect. 4.12] for the following general result: if G is of type B n (n ≥ 2), C n (n ≥ 3), D n (n ≥ 4, n even), then −w long,G acts as the identity on Ψ relative to ∆, and therefore the condition of Lemma 4.8 is always satisfied.
Proof of Theorem 4.1. The formula for the evaluation point s w is given in Proposition 1.1. Writing it in terms of µ w gives
In the basis {e 1 , . . . , e n } forǎ P0 , the restriction of an element ∑ n l=1 s l e l ∈ǎ P0 toǎ P is given by
except in the case G n = SO 2n and r ′ = 1 (thus, R d = n − 1) when the last summand is replaced by
This slightly different case will be considered at the end of the proof. Hence, assume first that if G n = SO 2n then r ′ ̸ = 1. In each case, the formula for ρ P0 with respect to the basis {e 1 , . . . , e n } is given in Section 2. The coefficients are half-integers. Let y be one of these coefficients. Then the coefficients of the restriction of ρ P0 toǎ P are of the form y + (y + 1) + . . .
Hence, those coefficients, as well as their sums and differences are half-integers, and it remains to study µ w .
Regarding µ w , we treat separately the case G n = GL n . In that case, the Levi factor L P is a product of general linear groups GL r k , and hence, Lemma 4.7 applies to the restriction of µ w toǎ P P0 . For the factor GL r k , if µ w = ∑ n l=1 x l e l , this Lemma gives the conditions
. . , r k , which implies that the k th coefficient of µ w ǎ P equals
Now, the difference of two such coefficients, say the k th and the k ′th one, equals
Therefore, in order to prove the theorem for G n = GL n , it suffices to check that the difference between any two coefficients of µ w is an integer. Recall that the coefficients of Λ with respect to the basis {e 1 , . . . , e n }, although not necessarily half-integers in this case, satisfy λ k − λ k ′ ∈ Z. The same holds for ρ P0 . The action of w is just a permutation of the coefficients which does not affect that property. Hence the differences between coefficients of w(Λ + ρ P0 ) are integers. Finally, subtracting ρ P0 , this property is preserved. Let now G n be one of the three remaining groups SO 2n+1 , Sp n , SO 2n , and if G n = SO 2n we retain the assumption r ′ ̸ = 1. Again Lemma 4.7, applied to a factor GL r k of the Levi subgroup, shows that if µ w = ∑ n l=1 x l e l , then the k th coefficient of its restriction toǎ P equals
In this case, in order to prove the theorem, it is sufficient to prove that the coefficients of µ w are all either in Z or all in 1 2 + Z. This follows by checking the form of Λ and ρ P0 , which shows that their coefficients are either all in Z or in 1 2 + Z. The action of w is just a permutation combined with sign changes of the coefficients, which does not change that property, as well as subtraction of ρ P0 .
It remains to comment on the case G n = SO 2n and r ′ = 1. However, considering this case in the basis f l , l = 1, . . . , n, where f l = e l for l = 1, . . . , n − 1, and f n = −e n , reduces the proof to the case r ′ = 0. If we again consider the case G n = GL n , and suppose that λ k ∈ 1 2 Z for k = 1, . . . , n, then either all λ k ∈ Z or all λ k ∈ 1 2 + Z, and the same argument as in the case of classical groups shows that t l ∈ 1 2 Z for l = 1, . . . , d.
Natural projections versus fundamental weights.
The choice of natural projections {e 1 , . . . , e n } of L 0 for a basis ofǎ P0 turns out to be convenient in the case of classical groups for several reasons. The action of minimal coset representatives (and the whole Weyl group) onǎ P0 , written in that basis, is directly related to the description of the Weyl group in terms of permutations and sign changes. This point of view provides the explicit formulas of Section 3, which are quite useful not only for obtaining divisibility properties, but also for obtaining very precise description of possible residual Eisenstein cohomology classes as for example in [9] . On the other hand, in the case of split classical groups, the evaluation point written in this basis corresponds to the character of L P given in terms of powers of absolute values of the determinant as in Subsection 4.2. As explained in Subsection 4.3, this is convenient for studying the analytic properties of Eisenstein series via the Langlands-Shahidi method.
From the arithmetic point of view, as pointed out by Harder, a better choice for a basis ofǎ P0 would be the fundamental weights. After reading the last to final version of this paper, he suggested to us the following argument regarding half-integrability, which applies to a simply connected group of any root system. If the group is not simply connected, the argument can be modified, although this involves writing it in coordinates again. In fact, his approach is similar to our considerations in the proof of Theorem 4.1, where we write the same argument in coordinates with respect to the natural projections. Our approach for classical groups, combined with explicit formulas for the action of elements in W P given in Section 3, is necessary to provide a tool not only for proving half-integrality, but also for the actual explicit computation of the evaluation point corresponding to w ∈ W P , and the implications of non-vanishing conditions. For w ∈ W P , write µ w = µ w ǎ P P 0 + µ w ǎ P .
Since w long,LP acts onǎ P as the identity, and the first necessary non-vanishing condition in Proposition 1.1 is −w long,LP (µ w ǎ P P 0 ) = µ w ǎ P P 0
, we have −w long,L P (µ w ) = µ w ǎ P P 0 − µ w ǎ P .
Subtracting the two equations gives µ w + w long,L P (µ w ) = 2µ w ǎ P .
Since µ w + w long,LP (µ w ) ∈ X * (L 0 ), assuming that G n is simply connected, the coefficients of the left hand side written in the fundamental weights basis are integers. Thus, the coefficients of µ w ǎ P in that basis are half-integers. Recall that the evaluation point is given by
but the ρ P0 ǎ P shift does not change the half-integrality of the coefficients.
